We discuss the topological invariant in the (2+1)-dimensional quench dynamics of a two-dimensional twoband Chern insulator starting from a topological initial state (i.e., with a nonzero Chern number c i ), evolved by a post-quench Hamiltonian (with Chern number c f ). In contrast to the process with c i = 0 studied in previous works, this process cannot be characterized by the Hopf invariant that is described by the sphere homotopy group π 3 (S 2 ) = Z. It is possible, however, to calculate a variant of the Chern-Simons integral with a complementary part to cancel the Chern number of the initial spin configuration, which at the same time does not affect the (2+1)-dimensional topology. We show that the modified Chern-Simons integral gives rise to a topological invariant of this quench process, i.e., the linking invariant in the Z 2c i class: ν = (c f − c i ) mod (2c i ). We give concrete examples to illustrate this result and also show the detailed deduction to get this linking invariant.
I. INTRODUCTION
Two-dimensional (2D) two-band Chern insulators have been among the most basic and active research subjects in condensed matter physics. In a seminal work by Haldane [1] , he proposed a 2D two-band model describing spinless fermions hopping on a hexagonal lattice in the presence of a staggered magnetic field. This system features an integervalued topological number -the Chern number [2] , which gives rise to quantized Hall response. With the increasing controllability of ultracold atoms as powerful quantum simulators, the Haldane model [1] , and its close cousin -the quantum anomalous Hall model on a square lattice [3] , have been realized in recent ultracold atom experiments [4, 5] .
In addition to studying the ground state of the Chern insulator, the ultracold atom system is also suited to investigate out-of-equilibrium properties therein [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] ; see also related works on quantum dynamics for one-dimensional systems [18] [19] [20] [21] [22] . In several recent experiments, the Hamburg group [23, 24] and the PKU-USTC group [25] have studied the quench process of a Chern insulator, starting with a topologically trivial initial state and evolved by a post-quench Hamiltonian. As shown in Ref. [11] , it is possible to define a topological invariant -the Hopf invariant, which is an integration of Chern-Simons density over two-dimensional quasimomenta and one-dimensional time -for this (2+1)-dimensional quench dynamics. It is also proved in Ref. [11] that this dynamical Hopf invariant exactly equals the Chern number of the post-quench Hamiltonian. The geometric essence of the Hopf invariant is the linking invariance (or, the linking number), which gives rise to the structure of Hopf fibration in the quench dynamics [26] . Here, a fiber is a trajectory in the (2+1)-dimensional quasimomentum-time space T 3 whose spin vector points to a given direction on the Bloch sphere S 2 . The linking invariance tells how many times that any two fibers are linked. And it has been extracted experimentally by identifying the fibers for the North and South Poles of S 2 * jinlong.yu.physics@gmail.com experimentally [24] [25] [26] .
Almost all of the aforementioned studies on the quench dynamics of Chern insulators focus on the quench process starting with a topologically trivial initial state. A natural question then arises: What is the topological invariant for the quench dynamics starting with a topological initial state? Indeed, this question has been addressed by Wilczek and Zee more than three decades ago [27] . They have studied the motion of a two-dimensional Skyrmion (with Chern number c i = −1) evolved in a constant magnetic field (with Chern number c f = 0), and defined the Hopf invariant (ν = 1 as they claim) as the integration of the Chern-Simons density for the quench dynamics of the Skyrmionic spin pattern [27] . Indeed, this work inspired our previous theoretical investigation of the quench dynamics starting with a topologically trivial initial state [11] . However, it turns out to be an inappropriate way to define the topological invariant for the quench process with a topological initial state, because both the Chern-Simons density and its integration are gauge dependent; see Eq. (13) below. Hence, we show in Eq. (13) that "the Hopf invariant" defined this way is not an invariant at all. The key problem for identifying the Chern-Simons integral as a topological invariant is the following: As the initial state has nonzero Chern number, it puts an obstruction to globally define a continuous gauge for the Chern-Simons density to evaluate the ChernSimons integral [28] . We notice that, there is a recent work by Ezawa [17] , who has also considered the quench process starting with a topological initial state. In Ref. [17] , the author also makes use of the Chern-Simons integral as the definition of the topological invariant (as in Ref. [27] ) for the quench process. Such a treatment is inappropriate.
Although the Chern-Simons integral fails to be a topological invariant describing the quench process with a topological initial state, we can still make use of a certain variant of it to extract the genuine (2+1)-dimensional topological invariant, i.e., the linking invariant, for this quench process. The key of our recipe is to introduce a complementary part in the twodimensional quasimomentum space, as detailed in Sec. III B, to cancel the Chern number of the initial spin configuration. The magnetic field in this complementary part is chosen to be either parallel or anti-parallel to the spins therein, and thus the introduction of this part does not lead to any change of the (2+1)-dimensional topology: It does not give rise to any nontrivial linking, and the linking invariant remains intact. As the Chern number for the initial spin configuration is nullified to be zero when considering the system with the complementary part, we can use the Chern-Simons integral to evaluate the topological invariant in this modified quasimomentum-time manifold the this quench process. This paper is organized as follows. In Sec. II, we introduce the quench process that we study, and give the expression of the topological invariant in this quench process supplemented with concrete examples to validate it. In Sec. III, we show the details about the calculation of the linking invariant for the quench process. We first show why there is a problem to directly use the Chern-Simons integral to evaluate the quench from a topological initial state, and then show how this problem is solved by introducing a complementary part to nullify the topology of the initial spin configuration. We also show that the linking invariant is defined only module 2c i . We conclude in Sec. IV.
II. MAIN RESULTS WITH EXAMPLES
A. Quench dynamics for a 2D two-band model
We work on a general two-band tight-binding model in two dimensions with the following form:
where k = (k x , k y ) is the quasimomentum, and σ = (σ x , σ y , σ z ) is the vector of Pauli matrices. The evolution time t can be rescaled as t →t = |H|t, so that att = 2π every spin returns to its initial position. The rescaling is intended to make the calculations simple, since the topological classification does not depend on the energy dispersion as long as the band gap is non-vanishing. The rescaling of time t is equivalent to rescaling of the Hamiltonian vector H(k). In the following, we use h(k) = H(k)/|H(k)| to denote the rescaled (i.e., normalized) Hamiltonian vector. We consider a half-filled insulator state |ξ 0 (k) as the initial state, which is the ground state of a topological Hamiltonian with h(k) = h i (k). This state is evolved under another Hamiltonian with h(k) = h f (k):
where
is the evolution operator. In the expression above, the evolution time should be understood as the rescaled timet = |H|t, and the tilde oft has been dropped for simplicity (and without confusion). The quasimomentum-and time-dependent Bloch vector is written as
Equation (4) forms a natural mapping from a three-torus (k x , k y , t) ∈ T 3 to a two-sphere S 2 (i.e., the Bloch sphere), which is generally characterized by the torus homotopy group τ 3 (S 2 ) [29] ; more details on this point will be elaborated below. The two-sphere could be parametrized by the spherical coordinate (θ, φ): n = (n x , n y , n z ) = (sin θ cos φ, sin θ sin φ, cos θ). For one point on S 2 , its inverse image is a one-dimensional manifold (which is generally not contractible) in T 3 .
B. Topological invariant in the quench dynamics: Z 2c i linking number
In contrast to the Hopf mapping of π 3 (S 2 ) = Z, which describes the dynamical process of the system with nearlypolarized trivial initial spin configuration [11] , we find out that the quench process with a topological initial spin configuration is classified by a doublet (c i ; ν), where ν ∈ Z 2c i is the linking invariant. The expression for ν is as follows:
where c i is the Chern number of the initial spin configuration, and c f is the Chern number of the post-quench Hamiltonian. Note that, in mathematics this process is classified by the torus homotopy group τ 3 (S 2 ) [29] . The torus homotopy group τ 3 (S 2 ) could be characterized by a quadruplet (c x , c y , c i ; ν), where (c x , c y , c i ) are the Chern numbers of the three 2-
)}, and ν is the Pontryagin invariant [30] . In the notation for the tori, e.g., T yt (k (0)
x , k y , t), the k x index takes a given constant value k (0)
x , while the variable k y takes value in the first Brillouin zone and t ∈ [0, 2π). Such two-dimensional tori are different sections of T 3 . The Pontryagin invariant ν satisfies the following equivalence relationship [30] :
where the function gcd evaluates the greatest common divisor of its variables (which are integers). It could be shown that, in the dynamical quench process with a topologically nontrivial initial spin configuration, c x = c y = 0 (see Appendix A for details). We then see that c i = gcd(c x = 0, c y = 0, c i ), and Eq. (6) is consistent with Eq. (5). For the case of c i = 0, this classification reduces to ν = c f ∈ Z which is consistent with the result of Hopf mapping of the conventional (sphere) homotopy group π 3 (S 2 ) = Z as studied in the previous works [11, 14] . The way to detect the linking invariant ν is by counting the twisting times (i.e., the linking number) of two loops in T 3 , where each loop is constitute of the preimage of one point on S 2 and another auxiliary straight lines in the time direction (these auxiliary lines will be explained later). The classification above has the following consequences. 
The arrows are colored by the z components n z (or h z ) of the corresponding vectors n (or h).
C. Examples
We use some concrete examples to illustrate the result shown in Eq. (5). In particular, we take the initial state as a topological ground state of the Hamiltonian
The Chern number of this Hamiltonian as a function of M is
We take M i = 1, and thus the Chern number of the initial state is c i = 1. For this case, the Bloch vector n i (k) = n(k, t = 0) in the first Brillouin zone is shown in Fig. 1(a) . We consider three types of post-quench Hamiltonians, whose normalized Hamiltonian vectors are shown in Figs. 1(b)-1(d) . The first one is a topologically trivial Hamiltonian with Chern number c f = 0 [ Fig. 1(b) ]. For this case, we choose the evolving Hamiltonian with the form of Eq. (7) with M f = 15.5, but the spin basis is rotated around the x axis for 90
• [31] . The second one is an evolving Hamiltonian with Chern number c f = 1 [ Fig. 1(c) ]. For this case, we choose the evolving Hamiltonian with the form of Eq. (7) with M f = 0.5, but the spin basis is also rotated around the x axis for 90
• . The third one is a Hamiltonian with Chern number c f = 2 [ Fig. 1(d) ]. To realize this, we use the post-quench Hamiltonian Because of the factor 2 associated with the quasimomentum k y , the Chern number of this Hamiltonian as a function of M is doubled compared with Eq. (8):
We take M f = 1 for this post-quench Hamiltonian, and the corresponding Hamiltonian vector is shown in Fig. 1(d) . Figure 2 shows the preimages of two points on the Bloch sphere S 2 for the quench processes with the Chern number of the initial spin configuration c i = 1. It is illustrated from the figure that by adding an auxiliary straight line to a preimage loop, the loop forms the boundary of a two-dimensional surface. And then the notion of linking number makes sense. In Fig. 2 , the linking number of c f = 0 is the same as c f = 2, this is an evidence that the classification of this dynamical process for c i = 1 is well defined modulo 2. Fig. 2(a) and Fig.  2(b) are the twisting loops of two different pairs in the same quench process. The difference of Fig. 2(a) and Fig. 2(b) is the choice the position of the auxiliary straight line. Their linking numbers differ by 2.
III. CALCULATION OF THE TOPOLOGICAL INVARIANT
A. Problem of the Chern-Simons integral with a topological initial state
We first define a Chern-Simons integral as follows [27, 32] :
where the index µ takes values in k x , k y , and t, and Einstein's summation convention for the indexes is used throughout. Here, A µ = −i ξ(k, t)|∂ µ |ξ(k, t) is the Berry connection, with |ξ(k, t) being the time-dependent Bloch state |ξ(k, t) = U t (k)|ξ 0 (k) . J µ = µνρ ∂ ν A ρ is the Berry curvature, where µνρ is the 3-dimensional Levi-Civita symbol. The integrand of the integral above can be rewritten as A µ J µ = µνρ A µ ∂ ν A ρ , which takes the form of a Chern-Simons term (see, e.g., [33] ). The domain of integration for the quasimomentum is the first Brillouin zone (BZ for short), which is a 2-torus T 2 . And this Chern-Simons integral is defined on the 3-torus
The Berry curvature, which is also the tangent vector of the preimage loop, could be simplified in two band systems [3, 27] :
It is a gauge independent quantity. For the quench process with c i = 0, the Chern-Simons integral is a topological invariant, termed as the Hopf invariant, which equals the Chern number of the post-quench Hamiltonian c f [11] . However, for the quench process with c i 0, it is no longer valid to identify this integral as a topological invariant for the (2 + 1)-dimensional quench dynamics, because it is a gauge-dependent and, generally, not quantised quantity for this case. As an example, we reconsider the case that a Skyrmionic spin pattern (with Chern number c i = 1) rotates within a constant magnetic field (which can be regarded as a constant post-quench Hamiltonian with Chern number c f = 0) as discussed in Ref. [27] . The Chern-Simons integral for this case is given by (see Appendix B for details)
Here, h f is the direction of the constant magnetic field and d is related to the gauge fixing: The gauge is fixed such that the connection A µ is discontinuous at n(k x , k y , t) = d, i.e., d is the direction of the Dirac string. Equation (13) shows that the Chern-Simons integral depends on the gauge, even for the constant magnetic field case. In the calculation of [27] , the gauge is (implicitly) chosen as d = −h f so that the integral in this gauge gives rise to I CS = 1 2 , which is still not an integer. The failure of getting a topological invariant from the Chern-Simons integral is rooted in the weak two-dimensional topology, i.e., the nontrivial initial Chern number c i , in the (2+1)-dimensional quench process. This nonvanishing c i puts an obstruction to globally define a continuous gauge for the Berry connection A µ (and hence, the Chern-Simons density A µ J µ ) to evaluate the Chern-Simons integral [28] .
The Chern-Simons integral actually calculates how many times one loop (which is a one-dimensional curve in T 3 that map to a particular point on the Bloch sphere S 2 ) crosses a surface bounded by another loop. The linking number is also defined as the times one loop crosses a surface bounded by another loop. From this point, it seems contradictory for the c i 0 case that the linking number should be gauge independent but the Chern-Simons integral is gauge dependent. The key to resolving this apparent contradiction is as follows. For the case of topologically trivial spin configuration (with c i = 0), every preimage loop could shrink to one point and then the surface bounded by this loop is well-defined. However, in the topological nontrivial case with c i 0, the preimage loops are the loops winding c i times along the time direction circle. Therefore, a preimage loop fail to shrink to one point, and then cannot be the boundary of any surface. For this case, the linking number is not even well defined, which is consistent with the fact that the Chern-Simons integral is gauge dependent. Thus we see that the Chern-Simons integral in its current form can not be identified as the linking number between topologically nontrivial preimage loops.
B. Chern-Simons integral with a complementary part:
cancelation of the weak 2D topology
Nevertheless, we could still use a variant of the ChernSimons integral to obtain the linking number by clinging a complementary patch to the original Brillouin zone. In order to make the notion of linking number well-defined, we combine an auxiliary straight line in the time direction with the original one, so that the two loops together is topologically trivial in fundamental group: They form the boundary of a certain surface (cf., Fig. 2) . The boundary of this surface can be viewed as the preimage loop of a point on S 2 in a dynamical process with total initial Chern number c (tot) i = 0 (as elaborated below).
Adding the auxiliary line (as done in Fig. 2 ) is equivalent to clinging a complementary patch to the original Brillouin zone (see Fig. 3 ) with a given monopole-like spin (with Chern numberc i = −c i ) and magnetic field (with Chern number c f = ±c i ) configurations on this patch, so that the ChernSimons integral of the entire modified Brillouin zone, denoted asT 2 , is related to the Chern-Simons integral of a system with c = c f +c f [11] . From this rather abstract argument, we get the linking invariant for the (2+1)-dimensional quench process as
In the following, we perform concrete calculation of the
Illustration of the operation of clinging a D 2 to the Brillouin zone (which is a 2-torus denoted as T 2 ) at a quasimomentum point s. The arrows indicate the spin directions (n on T 2 andñ on D 2 ). We assume the magnetic fieldh on the sphere is consistent with the magnetic field h on the Brillouin zone. We further assume the magnetic field for the sphere is always pointing out along the normal vector direction of the sphere, which always gives Chern number c f = −1. Then (a) shows the case that n(s, t = 0) is parallel to h(s), and (b) shows the case that n(s, t = 0) is anti-parallel to h(s). In both cases, the total Chern numbers for the initial spin configurations on the modified Brillouin zoneT 2 = (T 2 \s)∪D 2 (which is still a 2-torus) are zero.
Chern-Simons integral evaluated on the modified domain of integrationT 3 to revalidate Eq. (14) . In addition to that, as will be shown in the next section that the linking invariant 2nc i (n is an arbitrary integer) is always topologically trivial, we then arrive at our main results as shown in Eq. (5).
To simplify the problem, we choose a quasimomentum point s as the discontinuous point of the Berry connection, such that h(s) is either parallel or anti-parallel to n(s, t = 0). For the case c i c f , it is always possible to find such point; see, e.g., [21] . On the other hand, for the case c i = c f 0, the Brouwer fixed point theorem (see, e.g., [34] ) shows that there exists at least one point such that either n(s, t = 0) · h = 1 or n(s, t = 0) · h = −1. We then subtract an (infinitesimal) small disk around this point, which leaves a boundary, and cling a small D 2 (which is a 2-sphere subtracted by one point) with Skrymion spin configuration to that boundary so that n and h on the boundary of the small D 2 are continuous (see Fig. 3 for an illustration of the clinging operation for the |c i | = 1 case). We can furthermore require that the magnetic fieldh on D 2 is always parallel or antiparallel to the corresponding spin configurationñ. By doing so, the preimage of a point on S 2 around s is always a straight line along the time direction. With respect to the original Brillouin zone T 2 (without considering the complementary patch), this "clinging" operation is equivalent to choosing a fixed gauge such that the Dirac string is either parallel or anti-parallel to the local magnetic field. We now proceed to perform concrete calculations.
Assuming that the post-quench Hamiltonian is diagonalized as
the Berry connection then takes the following form:
Using this definition, the Berry connection could be calculated
with i = k x , k y . Here, we denote |ξ = V † |ξ 0 andn i = ξ |σ i |ξ . A µ = −i ξ |∂ µ |ξ andJ µ = µνρ ∂ νĀρ refer to the Berry connection and the Berry curvature, respectively, calculated from |ξ . The discontinuity of V is chosen to be the same as |ξ 0 , namely V(k x , k y ) and |ξ 0 (k x , k y ) are both discontinuous at s = (s x , s y ), and |ξ 0 (s x , s y ) is one of the eigenvector of V(s x , s y )σ z V † (s x , s y ). Then we see that A i could be separated into two parts: One is time-independent, and the other is time-dependent. We write V = (|1 |2 ), and the gauge could be chosen so that 1|∂ i |1 = − 2|∂ i |2 . Then the time independent part of the Berry connection is
and the time-dependent part is
where c.c. means complex conjugate. Using these relations, we could calculate the Chern-Simons integral. In the following part, we calculate the Chern-Simons integral in the region outside the small D 2 , then the domain of integration has a boundary. We denote the domain of integration for the quasimomentum as M = T 2 \ s, and the Chern Simons integral is evaluated on the manifold N = M ×S 1 . The result is N = ±1 has been used in Eq. (25) . We thus recover Eq. (14) as expected.
C. Triviality of linking invariant 2nc i
In the last section, we have shown that the linking number of ν = c f + c i is equivalent to c f − c i . In this section, we will construct a continuous mapping to show that the linking number of 2nc i is equivalent to the trivial case with no linking, and, as a consequence, the linking invariant is only defined module 2c i as shown in Eq. (5).
Since there always exists a wavevector s such that h(s) = n(s, t = 0) or h(s) = −n(s) as mentioned in the last section, we continuously deform the spin configuration and magnetic field configuration around s so that the new quench process is topologically equivalent to the initial one. The deformation includes three steps. We suppose as well that n(s, t = 0) = h(s) points to the South Pole direction of the Bloch sphere.
• Firstly, we subtract an infinitesimal disk around s, which leaves an edge in the rest manifold, and cling to the edge a finite disk with spin configuration polarized in n(s) direction [ Fig. 4(c1) ] and magnetic field polarized in h(s) direction [ Fig. 4(d1) ]. The purpose of the first step is to expand the point s to a disk region.
• Secondly, we deform the spin configuration in the interior of the disk [Figs. 4(a) and 4(c2)]. In this step we assume that the spin configuration only depends on the distance r from the center of the disk: n i (r, Φ) = (sin θ(r), 0, cos θ(r)) [see inset of Fig. 4(a) ], where r and Φ are the polar coordinates for the disk. The typical form of θ(r) is shown in Fig. 4(a) , and the corresponding spin configuration for a particular Φ is indicated by 2 in (c2) and (d2) are also deformed to make them continuous at the clinging point: Compared with (c1) and (d1), the corresponding vector components are deformed as x → x, y → −y, z → −z on D 2 . We see that, the continuous deformations of n i and h f give rise to a change of linking numbers (for any two preimages of any two points, except for the North or South poles, on the Bloch sphere S 2 ) from 0 (e1) to 2nc i (which equals 4 for the current case with n = 2 and c i = 1) (e2).
the arrows above the θ(r) curve. This assumptions implies that the total Berry curvature over the disk is zero, because for every point on the circle with the same r, the spins point to the same direction as shown in Fig. 4(c2) . We require the magnetic field on the disk is along the z direction and then every point on the Bloch sphere has preimages in this disk. Assuming that the magnetic field on the disk is rotationally symmetric with respect to the center of the disk, the preimages of each point on the Bloch sphere are certain circles parallel to the (k x , k y ) plane.
• Finally, we deform the magnitude of the magnetic field and break the requirement of |h f | = 1 at this stage [Figs. 4(b) and 4(d2) ]. In the second step, if the magnetic field is constant, namely |h f | = 1, the preimage loops for each point on the Bloch sphere only appear once. In order to obtain more than one preimage loop, we propose to deform the magnitude of the magnetic field. The deformation of the magnitude of the magnetic field is shown in Fig. 4(b) . The requirement of |h f | = 1 is proposed to make the quench process periodic in the time direction so that the manifold of (k x , k y , t) is compact. However, when h f is parallel or anti-parallel to n i , the spin n(k x , k y , t) stays unchanged and is periodic at t = 2π under any strength of magnetic field. In the interior of the disk, the strength of the magnetic field keeps increasing until the norm of the magnetic field is an integer n multiple of the norm of magnetic field outside this disk, so that the magnetic field of the interior of the disk makes the evolving of spins with arbitrary direction periodic at t = 2π. The resulting magnetic field configuration with n = 2 after such deformation is shown in Fig. 4(d2) .
These three steps do not change the topological properties of the quench process, since all the three steps are operated continuously. As shown in Figs. 4 (e1) and (e2), we see that the continuous deformation introduces a change of linking number 2nc i (with c i = 1, n = 2 for the current case) for the preimages of two points on S 2 . Thus we see that the linking invariant 2nc i is always topologically trivial for the quench process with initial Chern number c i . Combining this observation together with the results of Eq. (26), we have then proved that the topological invariant in the (2+1)-dimensional quench process is the linking invariant ν = (c f − c i ) mod (2c i ) as we have presented in Eq. (5).
IV. CONCLUSION
In conclusion, we have studied the topological invariant in the quench dynamics of a 2D two-band Chern insulator with arbitrary initial Chern number c i and post-quench Chern number c f . The topological invariant is the linking invariant ν, which is determined by the difference between these two Chern numbers module 2c i : ν = (c f − c i ) mod (2c i ). We have made use of concrete examples to validate this results, and then performed concrete calculation of the Chern-Simons integral defined on a modified quasimomentum-time manifold to evaluate the linking invariant. Provided a suitable preparation of a topological initial state (which, however, is generally a hard task for the cold-atom simulators), together with suitable Bloch-state tomography [14] , the linking structure of preimage loops as well as the linking invariant from the modified Chern-Simons integral can be experimentally measured. They can also be directly measured by certain solid-state simulators, e.g., the nitrogen-vacancy centers, as described recently [35] . as d. Due to the singularity of Berry connection, the integral is now defined on a manifold with boundary:
which depends on the gauge chosen. The right hand side of Eq. (B2) originates from the boundary term of the integration by parts.
